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 For n = 1,  L.H.S. =  2 × 1 − 1 = 1 and  R.H.S. =  1
2
 = 1   5  

 ∴   The result is true for n = 1. 
 

 Take any p ∈ Z+   and assume that the result is true for n = p.
 

 i.e.  Σ 
r = 1

p

(2r − 1)  =  p2.
        

5  
 

 Now  Σ 
r = 1

p + 1
(2r − 1)   =  Σ 

r = 1

p

(2r − 1) + (2(p + 1) − 1)     5  

       = p2  + (2p  + 1) 

       =  (p + 1)
2
.   5  

        

 Hence, if the result is true for n = p, then it is true for n = p + 1. We have already proved that the 

result is true for  n = 1. 

 Hence, by the Principle of Mathematical Induction, the result is true for all  n ∈ Z+.   5  
                  

25
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1

3

y

x
3/2

(1,1)

3/4−3/2

y  =  4x − 3

y  =  3 − 2x

y  =  2x + 3

y  =  −4x + 3

5

5

 At the point of intersections of the graphs 

       4x  − 3  =  3  − 2x   ⇒   x   =  1    5  

   − 4x  + 3  =  3  + 2x   ⇒   x   =  0

 From the graphs, we have, 

   4x − 3 

  4x − 3 

2x − 3 

2x − 3 

  x   <  3 

  x   <  3 

 ∴ 

 

+ 

+ 

+ 

0 <  x  <  1

0 <  x  <  1

0 <  x  <  2.

{x  : 0 <  x  < 2}.

x

2x

<  3 − 2

<  3

Hence, the set of all values of x satisfying 

Replacing x  by  x 2 ,  we get 

⇔ 

⇔ 

⇔ 

is

5

5

 

 
25
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 Aliter 

 For  the graphs  5   +  5  ,  as before. 

 Aliter for values of x 

   2x − 3 + <  3x
 

 Case (i)      x  ≤   0 : 

 Then     2x − 3 + <  3x  ⇔  − 2x +  3 −  x  <  3

       ⇔    3x  >  0

       ⇔    x  >  0

 Hence, in this case, no solutions exist. 
 

 Case (ii)      0  < x  ≤   3
2

  

 Then      2x − 3 + <  3x  ⇔  − 2x +  3 +  x  <  3

       ⇔    x  >  0

 Hence, in this case, the solutions are the values of  x satisfying  0  < x  ≤   3
2

.     
 

 Case (iii)       x  >  3
2

  

 Then    2x − 3 + <  3x   ⇔    2x −  3 +  x  <  3

       ⇔    3x  <  6

       ⇔      x  <  2

 Hence, in this case, the solutions are the values of  x satisfying  3
2

 <  x  <  2.      

  

                       All 3 cases with correct solutions

Any 2 cases with correct solutions 5

10
 

 Hence, over all, the solutions are values of x satisfying  0  <  x  <  2.     5   
 

 

          

25
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P
M

O

2 + 2i

−i

5

5

3π
 4

−

 

 Note that 

    

 
i z + 1 =  

=  

=  

i (z − i)    =  z  − i   =   z  + i

z + i   

z  − (− i ) 

Hence, the minimum of   i z + 1     is equal to PM. 

Now,   PM   = 1 . sin        =

5

5
π
4

1
√ 2

.

5         

      
25
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 ) ) )) =    

=    

1 
x2

1 
x2

  x3  +  
7

Σ 
r = 0

Σ 
r = 0

7

7

7 − r
7

C
    

    
r

7

C
    

    
r

(x3 )r

x5r − 14

         
5

 x6  :   5r − 14   =  6   ⇔     r  =  4.  5

 ∴ The coefficient of  x6    =   
7

C
    

   
4

 =  35   5

 For the above expansion to have a term independent of x, we must have 

 5r − 14  =  0.     5

 This is not possible as r ∈ Z+.       5

                
25
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 lim 
x     3

x − 2  √ − 1  
sin (π(x − 3))

5

5

5

5

5

 lim 
x     3

x − 2  √ 

1 
π

1 
π

1 
2

1 
2π

− 1  

   1  

sin (π(x − 3))

sin (π(x − 3))

sin (π(x − 3))
π(x − 3)

x − 2 +  1√ (                  )

x − 2 +  1√ (                  )
x − 2 +  1√ (                  )

=

=

=

=      1   .          . 

=     

.

.

. .

x − 3

  1

 lim 
x     3

1 
2

 lim 
x−3     0

 lim 
x−3     0

 

 

25
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0 1

y 

x

          

 The volume generated  ∫ 
0

1

( (

π
 x2+ 1√  x + 1 dx

2

∫ ∫ 
0 0

0 0

1 1

1 1

(
(

 x2+ 1

 ln 

 ln 2  + 

 ln 4  +  π

 x2 + 1
   x    1dx  + 

 + 

=  

=  

=  

=  

= 

π

π

π

(
(

(
(

(
(

dx

1
2

1
2

π
4

π
4

(x2 + 1) tan−1 x 

5

5

5

5

5

 + 

 

 

  
25
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x = at2  ,  y = 2at

dx 
dt 

dy 
dx 

dy 
dt 

dt 
dx 

 1
2at 

 1
 t 

dy 
dt = 2at ,  

. = 

= 2a

= 2a . = 

∴ The slope of the normal line   =  − t

for  t  ≠  0.  

The equation of the normal at  (at2 , 2at) is 

y − 2at   =  −t  (x − at2)

y + tx  =  2at  +  at3                            (This is valid for t  = 0 also.)

P  ≡  (4a, 4a)  on  C  ⇒   t  = 2. 

The normal line at P  :  y +  2x  = 4a  +  8a  = 12a

Since it meets C at (aT 
2
 ,  2aT), we have 

         2aT  +  2aT 
2
   = 12a. 

        ⇔  T 
2
 + T  − 6 =  0  ⇔   (T − 2) (T + 3)   = 0

         ∴   T = − 3  

        ⇔  T  =  2    or    T  = −3 

5

5

5

5

5

 

  
25
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25

                          

 

   

      

5

5

5

Q

P

l2  : 4x + 3y = 10 

l1  = x + y = 4 

Any point on the line l1  can be written in the form     

(t, 4 − t),  t ∈ R .   5

Let  P ≡ (t1, 4 − t1)

Perpendicular distance from P to l2 
4t1 + 3 (4 − t1)  − 10

√42 + 32
 =  1  =  

∴    t1 + 2   =   5

∴  t1  =   −7   or   t1  =  3

The coordinates of P and Q are 

(−7, 11)  and (3, 1). + 5
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 The centre C of  S =  0  is (2, −3).      5

 The radius R of  S =  0  is  √4 + 9  + 12 √25= =  5.   5

 CA2  =   92 + 122   =   152  ⇒  CA  =  15 >   R   = 5.    5
 
          

 ∴ Point  A  lies outside the given circle. 

 A =  (−7, 9) 

C =  (2, −3) 
5

10
P

S =  0

The point on the circle S =  0  nearest to point A is 

the point P at which CA meets S  =    0. 

Note that  CP  :  PA                      =   5 : 10 

                  =   1 : 2

∴   P ≡    (  2 × 2 + 1 (−7)
            3

 2 (−3) + 1 × 9
            3

,  )
i.e. P ≡    (−1,  1) 5

5

                 
25
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θ 

2
θ 

2
cos2 − sin2

θ 

2

θ 

2

θ 

2

θ 

2

cos2 

cos2 

− sin2

+  sin2

=

=

=

∴

=

θ 

2

θ 

2

1 − 

1 + 

tan2

tan2

for  θ  ≠  (2n  +  1) π .

cos θ    

Let  θ    =

⇒     

Then 

1 − t2

1 − t2

1 + t2

(1 + t2)

1 + t2

 π
12

tan
 π
12

tan

π 

6
√ 3

=   2 (1 −  t2)

=   2 −

=   (2 −         )2

=    >     

(2 +         ) t2

             t2                   = 

              ⇒    t       =                                     

=   
2

√ 3

√ 3 √ 3

.  

 2 −

2 − 0 

√ 3

√ 3

√ 3(2 +        )

(

( (

(√ 3

 5

 5

 5

 5

 5

∴    

                   
25
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    (a)   Suppose that 1 is a root of  p2 x2 +  2x  +   p  = 0.  

   By substituting  x = 1,  we must have p2 + 2 + p  =  0.    5

   This is impossible, as  p  >  0 implies that  p2 + 2 + p  >  0.    5

   ∴  1 is not a root of  p2 x2 + 2x + p =  0

   

   ∴  α  and  β  are both real.  5

    α  +  β   =  − 2
p2

   and  α β  =   1
p

      5  5+

   

       1
 (α  −  1)   

.
 

       1
(β  − 1)

              1

(αβ  − (α +β) + 1)

              1
                     

          p2

 p2 +  p  +  2                     

= 

= 

= 

+ 2
p2

 1
p

 + 1

Now, 

 5

 5.

   

20

10

20

The discriminant  ∆  =   22 − 4p2 .  p

                   =   4(1 − p3) 

                        (     0  < p    )∴

10

 5
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35

10

Moreover, note that                                      and   α 
(α −1)

   β  
(β  −1)

are both real, 

and

   2(p + 1)

p2  +  p +  2                     
=+   α 

(α −1)
   β  
(β  −1)

>   0, ∴

∴

p  >  0    ,                    

p  >  0    .                    
        p

p2  +  p  +  2                     
= .   α 

(α −1)
   β  
(β  −1)

>   0, 

Hence,  both of these roots are possitive. 

(

(

(   

(   

 5

 5

   

          α  
α  − 1

    β
β  − 1

α (β  − 1) + β (α −1)
    (α −1)  (β − 1) 

2αβ  − (α + β )
(α −1)  (β − 1) 

          p2

 p2 +  p  +  2                     

2(p + 1)

    p2 

   2(p + 1)

p2  +  p +  2                     

          p2

 p2 +  p  +  2                     

= 

= 

= 

= 

= 

. 

. 

+ 

2
p2

2
p

 + 

Now

( (

 5

 5

 5

   
           

    α  
α  − 1

    β
β  − 1

          αβ 
(α −1)  (β − 1) 

= 

= 

= 

.
and 

          p
2

p2 +  p  +  2                     

          p
 p2 +  p  +  2                     

. 

 1
p

 5

      

 Hence,  the required quadratic equation is given by

   
          p
 p2 +  p  +  2                     

   2(p + 1)     x
p2 +  p  +  2

=     0  + x2   − 

⇒ (p2  +  p  +  2) x2  − 2 (p + 1) x  +  p  =     0  5

10

.
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     (b)   f(x)    =   x3   +  2x2  −  dx  + cd  

         Since (x − c)   is a factor,  f (c) =    0.                 
         

   ⇒  c3   +  2c2  −  dc  + cd       =   0     5

   ⇒  c2   (c + 2)    =   0

   ⇒  c    =   − 2      (

∴

  c  ≠   0)   

  

    Since,  when f(x)  is divided by (x  −  d), the remainder is cd, we have

      f(d)  =   cd.        5

   ⇒    d3   +  2d2  −  d2 + cd   = cd      5

   ⇒   d3   +  d2   = 0

   ⇒   d2   (d  + 1)  =  0 

   ⇒    d  =  −1     (

∴

  d  ≠   0)     5

   ∴    c  =  − 2   and  d  =  −1. 
 

   f(x)    =   x3   +  2x2  +  x  +  2. 
   

    Let  Ax + B  be the remainder, when  f(x) is divided by (x  + 2)2.  

   Then  f(x)  ≡     (x  + 2)2  Q(x) + (Ax + B), where  Q(x) is a polynomial of degree 1. 

        So,   x3   +  2x2  +  x  +  2  ≡     (x  + 2)2  Q(x) + Ax + B.    5

   Substituting  x  =  − 2,    we obtain  0 =  − 2A + B.   5
 
   By differentiating, we have 

    3x2   +  4x  + 1  =   (x  + 2)2  Q  (x) + 2Q(x) (x  + 2) + A.     5

   Again by substituting  x  =  − 2,   we obtain  

        12 − 8  + 1  = A     5

    ∴   A  = 5 and  B  = 10

   Hence the remainder is 5x + 10.     5

   

 5

 5

30

25
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   Aliter 
    
    By long division we have, 

      

x3   +  2x2  +  x  +  2  

x3   +  4x2  +  4x  

           − 2x2  − 3x  +  2  

 − 2x2  − 8x  − 8

          5x + 10.

x2   +  4x  +  4

x    −  2

    

15

    x3   +  2x2  +  x  +  2 ≡  (x2  + 4x  + 4)  (x − 2) +  (5x + 10)

   ∴   Required remainder is 5x + 10.      10 25
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     (a)   P1  =  {A, B, C, D, E, 1,  2,  3,  4} and  P2  = {F, G, H, I, J, 5, 6, 7, 8}

   (i) The number of different ways of choosing 3 different letters and 3 different 

    digits from  P
1
  =  

5

C
3  

.
 

  4
C

3                                       

 
 

 

    Hence the number of passwords that can be formed by choosing all 6 elements from P1

     =    5
C

3   
.
 

  4
C

3  
.  6 ǃ     5

     =    28800      5

   (ii) Different ways of selecting
Number of Passwordsfrom P

1
 from P

2
 

Letters Digits Letters Digits 

3 − − 3
5

C
  . 

   

 3
   

   

4

C
  . 

   

 3
    

   

6 !  = 28800

2 1 1 2
5

C
  . 

   

 2
   

   

4

C
  . 

   

 1
    

   

4

C
  . 

   

 2
    

   

5

C
  . 

   

 1
    

   

6 !  = 864000

1 2 2 1
5

C
  . 

    

1
   

   

4

C
  . 

   

 2
    

   

4

C
  . 

   

 1
    

   

5

C
  . 

   

 2
    

   

6 !  = 864000

− 3 3 −
4

C
  . 

   

 3
   

   

5

C
  . 

   

 3
    

   

6 !  = 28800

10

10

10

10

 

10

20
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^fuys t hkq mrdñ;shls'& 

x  +  y   = 0 u; AD =    AB jk m˙† 

∴  x  = −1 + t,    y  =  1 − t    

D ,laIhg wkqrEm mrdñ;sh T  f,i  .ksuq'

∴  D  = (−1 + T, 1 − T) 

AD     =    AB

T2  + T2      =  12  + 12      =   2

∴  T2                =    ± 1

∴   D  = (0, 0) fyda  (−2 , +2) 

    Hence, the number of different passwords that can be formed by choosing 3 elements

     from P1  and the other 3 elements from P2 =  28800 + 864000 + 864000 + 28800   =  1785600  

                 10

     
 
 (b)   Ur     =                   1

r (r +1)  (r +3) (r + 4)                  
and  Vr     =          1

r (r +1)  (r +2)          
 ;   r ∈ Z+  . 

   Then,

    Vr     −  Vr + 2   =            1
r (r +1)  (r +2)          

 −                   1 (r +2)  (r + 3) (r + 4)                  
 5

   

    =        (r + 3) (r + 4)  − r (r +1)                  
 r (r +1) (r +2)  (r + 3) (r + 4)                  

 

    =                 6 (r + 2)
 r (r +1) (r +2)  (r + 3) (r + 4)                  

  5

    =    6 Ur        5

  
 Now note that, 

    r  = 1;   6 U1      =   V1  − V3 , 

   r  = 2;   6 U2      =   V2  − V4 ,

   r  = 3;   6 U3      =   V3  − V5 ,

   r  = 4;   6 U4      =   V4  − V6 ,

 r =  n − 3 ;     6 Un - 3     =   Vn - 3  −   Vn  - 1  

   

           
10

           
 r =  n − 2;       6 Un - 2       =   Vn - 2  −   Vn  

  r =  n − 1;       6 Un - 1       =   Vn - 1  −   Vn  + 1

 r =  n ;            6 Un           =   Vn    −   Vn  + 2
   

 10
                     

50

15
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 −

 −

 −

 −

Σ 
r = 1

n

Σ 
r = 1

n

 1
 6

 1
24

  5
144

 5
24

6 Ur     =    V1   +   V 2   −   Vn  + 1   −   Vn  + 2

        =          + 

        =           

Ur     =           ∴          

              1                 
 (n +1) (n +2)  (n + 3)

                 2n + 5                  
 (n +1) (n +2)  (n + 3)  (n + 4)

                2n + 5                  
6 (n +1) (n +2)  (n + 3)  (n + 4)

              1                 
 (n +2) (n +3)  (n + 4)

∴         10

40

                5

            

 5
 

    

 −

 −

Σ 
r = 1

2n

Σ 
r = 1

n

Σ 
r = 1

n

Σ 
r = 1

n

  5
144

  5
144

Ur                

Wr     =           

Wr     =           

         =           

         =           

U
2r − 1  +  U

2r 
,       r ∈ Z+ 

.  Wr     =           

∴         

∴          

                   4n + 5                  
6 (2n +1) (2n +2)  (2n + 3)  (2n + 4)

                4n + 5                  
24 (n +1) (n +2)  (2n + 1)  (2n + 3)

(U
2r − 1  +  U

2r 
)

 5

 5

        

  
10

  

 5

 5

 5Σ 
r = 1

∞

Wr     is convergent and the sum is         . ∴        

 −

 −Σ 
r = 1

n

  5
144

  5
144

  5
144

  5
144Wr     =           

         =           

         =           

                  4n + 5                  
24 (n +1) (n +2)  (2n + 1)  (2n + 3)

                4n + 5                  
24 (n +1) (n +2)  (2n + 1)  (2n + 3)

Note that, 

 lim 
n     

 lim 
n     

 lim 
n     

( (

 

  
15
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    (a)   ABT   =   ( )a     0    −1 
0   −1     0 ( )2      1 

1    −a    
3      4 

( )2a −3      a −4  
 −1             a

= 

            
5

      
10

   ABT  =  C      ( )  b      −2  
−1    b + 1 

= ( )2a −3      a −4  
 −1            a

⇔

    ⇔   2a − 3  =  b,      a − 4   =  −2  and    a  =  b + 1.   10  

    ⇔   a = 2  and  b = 1, (from any two equations above)  and  these values 
        satisfy the remaining equation.    

5
 
   

    

30
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( (  1    −2  
−1      2 

C  = 

 

                                                 
5

   
| |  1    −2  
 −1     2 

=    0 

  

   ∴  C −1 does not exist.   
5

                       

     
10

   

Aliter 

 For the existence of C−1   :  
  

 there must exist p, q, r, s  ∈ R such that 

 
( )p     q  

r      s ( (  1     0 
  0     1 

=    ( (  1    −2  
 −1     2 

  
5

 ⇒  p  − 2r  = 1,  −p  + 2r  = 0,  q  − 2s  = 0 and  −q  + 2s  = 1

 This is a contradiction 

 ∴ C−1   does not exist.       5

     

10

   P   =  1
2

 (C − 2I ) =    ({ (

  1    −2  
 −1     2 ( (  2     0 

  0     2 
=    ( ( −1   −2  

 −1     0 
 − 

{1
2

1
2

   5

   ⇒  P−1   =  2 ( 1
−2

) ( (  0      2  
  1    −1  ( (  0    −2   

−1      1  =       10

    2P  (Q + 3I ) = P − I   

   ⇔    2 (Q + 3I )  =  I  − P−1     
5

   ∴   2 (Q + 3I )  =  ( (  1      2  
  1     0  

   
5

   ⇒   Q    =    1
2

  ( (   1     2  
   1    0  

  −  3I

   
 
                 =     ( (         1

  
        −3  

5
2

−

1
2

   
5

30
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       (b) z,   z
1
,   z

2
  ∈ C.

   (i)  Let z     =  x  +  iy,   x, y ∈ R. 

    Re z      =  x  ≤   √ x2  +  y2   = z    5

  (ii)  Let  z
1
  =   r

1
(cos θ1 + i sin θ

1
)  and z

2
  =   r

2
(cos θ2 + i sin θ

2
). 

          
     
       

r
1

r
2

z
1

z
2

 =     ⇒  =    
  r

1
(cos θ1 + i sin θ

1
) × (cos θ

2
 −  i sin θ

2
)   

  r
2
 (cos θ

2
 + i sin θ

2
) ×  (cos θ

2
 −  i sin θ

2
)  

[cos (θ1 − θ
2
) +  i sin (θ1 − θ

2
) ]  

                           1

          5      5

    = 
z

1

z
2

r
1

r
2

∴ z
1

z
2   

=  5

        
   

 
    

z
1

z
1   

+  z
2

z
1

z
1   

+  z
2

Re (              

by (i) by (ii)

≤
z

1

z
1   

+  z
2

=   )   ; for  z
1   

+  z
2    

   .

5 5
 

 
     

10

      

z
1

z
1   

+  z
2

z
1

z
1   

+  z
2

z
2

z
1   

+  z
2

z
2

z
1   

+  z
2

Re (                                  

Re (                                  Re (                                  

For  z
1   

+  z
2    

     we have 

+

+

=     1     

=     1     

=     1     

z
1 +  

z
1   

+  z
2

z
2

z
1   

+  z
2

)

))

5

5

20
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z
1

z
1   

+  z
2

z
1

 z
1   

+  z
2

z
2

 z
1   

+  z
2

by (i)

by (ii)

       ⇒     1  =  ≤

=

=   

+

+

z
2

z
1   

+  z
2

+   Re (   

z
1      

+   z
2

 z
1    

+  z
2

z
1      

z
2      

 z
1    

+  z
2

 z
1    

+  z
2

Re (              ) ) 5

5

              

z
1   

+  z
2 z

1     
+   z

2

z
1   

+  z
2

z
1      

+   z
2≤  z

1   
+  z

2 >  0 ∴( (

Now if                       then 

Hence, the result is true for all z
1
, z

2  
 ∈ C.

z
1   

+   z
2   

= 0,  

=  0  ≤

   ⇒

   
   

10

      (c) ω   =  1
2

 (1 −  √ 3  i )

    1 +  ω   =  √ 3  [ [ 
2

√ 3  +  i  (−    ) 1
2

=   r (cos θ
    + i sin θ

 
),    5

    
where r  =         and    θ

   =           .   √ 3 π
6

− 5

    

        
 (1 + ω)10  =  (√ 3 )10  [ cos (10θ

 
)  + i sin (10θ

 
)] by De Moivre's theorem

1 + ω  =  1 + ω   =  √ 3  (cos θ
   − i sin θ

 
)  = √ 3  [cos (−θ

 
)  + i sin (−θ

  )]

⇒  (1 + ω)10       =  (√ 3 )10  [(cos (−10θ
 
)  + i sin (−10θ

  )]
∴ (1 + ω)10 +   (1 + ω )10   =  (√ 3 )

10  ×    2 cos (10θ
 
)

                                               =  35  ×    2    ×  
1
2

 =  243.  

5

5

5

5

10

20
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  (a)   For  x       f(x)   =  9 (x2  − 4x   − 1)

      (x − 3)3

   Then  

    

20

 5

−
   3 (x2  − 4x   − 1)

           (x − 3)4

− 9 (x + 3)  (x  − 5)

          (x − 3)4

  f /(x)   =  9 [

for   x    3

  = 9 [
  = 

 ]

 ]
 
 (x − 3)3

(2x − 4)1

 (x − 3)4

2x2  − 10x   + 12  − 3(x2  − 4x   − 1)

 
   

   
 5

 5

 5Horizontal asymptotes :  lim 
x     ±  f (x) = 0     ∴  y  = 0.

Vertical asymptote :  x  = 3. 

At the turning points  f /(x)   =  0.  ⇔    x  = −3 or  x  = 5.

 lim
x 3

−  lim
x 3

+ f (x) =    and   f (x) =  −  

25
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 5  5  5  5

−   x < −3  −3 < x < 3 3 < x < 5 5 < x <  

sign of

f 
/
(x) 

 (−)  (+)  (+)  (−)

 There are two turning points:   (−3, −       
5
6 ) is a local minimum and  (5,        9

2 ) is 

 a local maximum.     5   5

f (x) is

 
     

x

x = 3 

y

1
3

9
2( )5, 

5
6( )−3, − 

 5 5

 5

   
    
 

 
  

  

  
60

 For   x    3; 

   
  f //(x)  =  

 (x − 3)5

18 (x −         ) (x  +         )   . √33 √33

 

   f //(x)  = 0  ⇔  x  =  ±   √33 .   
 5

  
−   x < − √ 33 − √ 33 < x < 3 3 < x <  √33 √ 33  < x < 

sign of

f 
//
(x) 

 (−)  (+)  (−)  (+)

concavity concave down concave  up concave down concave up

  
 10

 ∴  There are two inflection points: 

 x  =  − √33   and  x  =   √ 33  are the x− coordinates of the points of inflection.  
 5

20



10 -  Combined Mathematics - I ^Marking Scheme) New Syllabus | G.C.E.(A/L) Examination - 2019 | Amendments to be included.   - 28 -

Department of Examinations - Sri Lanka                Confidential 

  (b)      2r

30
30

h

h

r

For  0 < r < 30; 

h  =  

The volume V is given by 

V  = 
1
3  π (2r)2  × 2h −  

1
3  πr2 h

     = 
7
3  π r2 h

     = 
7
3  π r2  √900 −  r2

√900 −  r2  5

 5

 5.

 

    For  0 < r < 30, 

     
dV
dr 

= 

dV
dr =    0   ⇔   r = 10√ 6  

7
3

7
3

π

π

7πr

 [2r  √900 −  r2  +   r2  

√900 − r22

(−2r) ]

 [2 r (900 −  r2 ) −  r3  

   (600 −  r2 ) 

]= 

= 

√900 −  r2

√900 −  r2
 .

 5

 5

 5   (     r > 0  ) 
∴

  

   

    

    For 0 < r <  10√ 6  ,  dV
dr 

> 0  and for  r >  10√ 6  , dV
dr 

< 0  

     
 5

      
 5

    ∴ V  is maximum when  r = 10√ 6  .  
 5

15

30
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    (a)   For     0  ≤  θ  ≤   π
4

 :
      

   

 5

 5

 5

 5

 5

 5

 5

 5

x =  2 sin2 θ  +  3 ⇒  dx  =  4 sinθ  cosθ   dθ  

x =  3 ⇔  2sin2 θ  = 0 ⇔ θ  = 0

x =  4 ⇔  2sin2 θ  = 1 ⇔ sinθ  = 
√ 2

1
   ⇔   θ  = π

4

2
1

∫ 
4

3
√ 

x − 3
5 −x dx √ 

2sin2 θ 
2 − 2sin2 θ

4 sinθ cosθ   dθ

4 sin2θ   dθ

(1 − cos 2θ )   dθ

(θ −       sin2θ )   

.  =

=

=    2

=    2

=    −  1    

0
∫ 

0
∫ 

0
∫ 

|

0

2
π

Then

π
4

π
4

π
4

π
4

40
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           (b)             1
(x − 1) (x − 2)

     A
(x − 1)

     B
(x − 2)

=

= ⇔   1

+

A (x − 2) + B (x − 1)  for  x ≠  1 , 2. 

   A +  B     =  0

− 2A − B    =  1

A    =  −1   and  B   =   1

Comparing coefficients of powers of  x : 

Then 

        =  ln                  ln     

∫ ∫   1
(x − 1) (x − 2 )

=dx ∫ −1  1
(x − 1) (x − 2) 

+dx dx 

x − 2 x − 1

x1  : 

x0  : 

 5

 5

 5

10

− + C , where C is an arbitrary constant. 

 5  5  5
40

 

  

       f(t)    =

|    ( ln             − ln                 

  ln (t − 2)  − ln (t − 1) + ln 2  for    t > 2.

t

3
∫   1
(x − 1) (x − 2 )

dx

x − 2 x − 1
t

3
=

=

 5

 5

)

   

10

15

10

    f (t) dt  =     ln (t − 2) dt  −    ln (t − 1) dt +    ln 2 dt ∫ ∫ ∫ ∫ 
=   (t  − 2) ln (t  − 2) − t  −   (t  − 1) ln (t  − 1) − t    +  t ln2  +  D

=   (t  − 2)ln (t  − 2) − (t  − 1) ln (t  − 1) +  t ln2 +  D,  where D is an arbitrary constant. 

] ] 
 5

 5

x ln (x − k)  −

    (x − k ) dx     =  x ln (x − k)  −   ∫ 

∫ 
∫   x

(x − k) 

∫   k
(x − k) 

= 

=   x ln (x − k)  − x  − k ln (x − k)  + C

=   (x − k) ln (x − k) − x + C,  where C is an arbitrary constant. 

dx 

dx 1 dx  − 

 5

 5

 5

 ln
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        (c) Using the formula     ∫ ∫ 
a a

b b

f (x)  dx  = (a + b − x)  dx,   

      

     
1 + ex 

−π

∫ ∫ 

∫ 

cos2 x cos2 (−x)

ex cos2x

1 + ex 1 + e−x 
dx  =

     =

−π −π

π π

π

dx  

dx  

 5

 5

          

∫ ∫ 

∫ 

∫ 

∫ 

∫ cos2 x cos2 x ex cos2 x

cos2 x dx    

x  +      sin 2x

1 + ex 1+ e−x 

(1 + ex) 

(1 + cos 2x) 

(1 + ex) cos2 x

  1+ ex 
dx  =

     =

     =

     =

     =

    ∴      =

−π −π

−π

−π

−π

−π

−π

π π

π

π

π

π

π

dx  + 

dx   

dx 

2

2
1

2
1

2
π

2
1 ] ] 

∫ cos2 x
1 + ex −π

π

dx  

 5

 5

 5

 5

 5

10
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10

12x − 5y − 7 = 0 and  y  = 1 ⇒ x  = 1,     y  = 1

∴  A  ≡  (1, 1)  10

   

Equations of the bisectors are given by 

⇒  12x − 5y − 7   =  13 (y − 1)   or   12x − 5y − 7   =  −13 (y − 1) 

⇒  2x − 3y + 1   =  0   or   3x + 2y − 5   =  0

The  angle θ  between y  = 1 and  2x − 3y + 1   =  0, is given by 

12x − 5y − 7
       13

(y − 1) 
    1

= ±

2
3 2

32
3

−  0
< 1 

(0)1 + 
= =tan θ

 10

 5  5+

 5

 5∴  l :   2x − 3y + 1 = 0. 

30
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   Note that for a point (x, y) on l ;  

   (y − 1) 
    2

(x − 1) 
    3

= =    λ  (say) 

⇒  x  =  3λ + 1,   y  =  2λ + 1.

        5 
                                            5   

   

   
    ∴  P  ≡  (3λ + 1,  2λ + 1),    λ ∈ R.    

Note that   B  ≡  (6, 0) and   P  ≡  (3λ + 1,  2λ + 1)

∴  Equation of the circle with BP as a diameter is given by 

 (x − 6)  (x  −  (3λ + 1)) +  (y − 0)  (y −(2λ + 1)) = 0    10

i.e.   (x2 + y2 − 7x − y + 6) + λ (−3x − 2y + 18)  = 0

This is of the form  S +  λU  = 0,  where  S  ≡ x2  + y2 − 7x − y + 6 and   U  ≡ −3x − 2y + 18.

S = 0 corresponds to  λ  = 0.    ⇒  P =  (1, 1)  ≡  A.   5

∴  S = 0 is the equation of the circle with AB  as a diameter.  

Since the slope of l is  2
3

, the equation of the line perpendicular  to l passing through 

B is  3x + 2y + μ  = 0,  μ  to be determined. 

Since B lies on  3x + 2y + μ  = 0, we have  18  + μ  = 0 ⇒  μ  = −18. 

∴ Required equation is  3x + 2y − 18  = 0

i.e.  U  =  −3x − 2y + 18   = 0.  

λ ∈ R,    S +  
λ U  =  0 passes through the intersection point of S =  0 and U = 0

One of these points is B and the other point C is the intersection point of l  and U =  0. 

  5

  5   5 25

10

20

  5

 10

  5

  5

 10

 10

 

    

10
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C

l

B

A

S = 0

U = 0

  

∴ The coordinates of C is given by 

    u   ≡  −3x − 2y + 18  =  0 

 and  l   ≡   2x − 3y + 1  =  0

 ⇒    x = 4 and  y = 3

 ∴   C ≡  (4, 3) .    5  

The circles ; 

  S   =  0   and  S +  λU  = 0  are orthogonal 

⇔   2 (− 1
2

(3λ + 7)) (− 7
2 ) + 2 (− 1

2
(2λ + 1)) (− 1

2 )   =  6 +  18λ + 6  

                      5                        5                             5  

 

⇔   13λ  =  26  

⇔   λ  =  2. 

25

20

  5
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       (a) sin (A + B)   =    sin A cos B +  cos A sin B 1               5

   Now      sin (A − B)  =    sin  (A + (−B))     5

      = sin A cos (−B) +  cos A sin (−B)

   ∴   sin (A − B)  =    sin  A cos B  − cos A sin B  2           5

  

   1   +  2    ⇒   sin (A + B)  +  sin (A − B)  =    2 sin A cos B,    5

   1   −  2    ⇒   sin (A + B)  −  sin (A − B)  =    2 cos A sin B.     5  

   0 < θ  <  π
2

. 

      2 sin 3θ cos 2θ      =    sin 7θ , 

   ⇔   sin 5θ  +  sinθ        =    sin 7θ      5

   ⇔   sin 7θ  − sin 5θ  − sin θ   =   0

   ⇔    sin (6θ  +θ ) − sin (6θ  − θ )  − sin θ   =   0      
 5

   ⇔    2 cos 6θ  sin θ  − sin θ   =   0

   ⇔    sin θ  (2 cos 6θ  − 1)  =   0

   ⇔    cos 6θ  =   1
2

 since  0  < θ  <  π
2

, sin θ  >  0 

                     

 5

                            

15

10
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    ⇒   6θ    =   2nπ  ±  π
3

 ;  n ∈ Z.      5   +    5   

    ⇒    θ    =   nπ
 3

  ±   π
18

 ;  n ∈ Z.     

    ⇒    θ    =    π
18

,   5π
18

,   7π
18

 ,  ( ∴  0  < θ  < π
2

)    5

  
30

   (b)   A

α

β

D

CB

Note that 

CBD = β,  ADB = 2β,

and ABD = π − (α  + 2β)

∧

∧

∧

 

   Using the sine Rule : 

   for the triangle ABD,  we have 

             BD

sin BAD
∧   =      AD

sin ABD
∧      10

  
   ⇒       BD

  sin α 
             AD
  sin (π − (α  + 2β ))

=

         
 5

   ⇒       BD
  sin α 

        AD
  sin (α  + 2β )

= (1)

   for the triangle BDC,  we have 

             CD

sin DBC
∧   =      BC

sin BDC
∧     10

  
   ⇒       CD

  sin β
    BC
 sin 2β

=  (2)      
 5

   ∴  BD  =  DC and  AD  =  BC, from (1) and (2), we get  

      sin α 
  sin β

  sin (α  + 2β )     
        sin 2β 

=   5
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   ⇒    2 sin α cos β  =  sin (α  + 2β ).     5

   
40

   If α  : β  =   3 : 2, then we have 

   2 sin α  cos  2α 
 3

  =  sin 7α 
 3

     5

   ⇒    2 sin 3 (α 
3

) cos 2 (α 
3

)  =  sin 7  (α 
3

)     5

   ⇒    α 
3

  =   π 
18

,   5π 
18

,  7π 
18

 . 

   ⇒   α  =   π 
6

,  15π 
 18

,   21π 
 18

     5
    

   ∴  BC  =  AD <  AC,  α  must be an acute angle. 

   ∴ α  =   π 
6

.   5

   
20

    (c)   2 tan−1x +  tan−1 (x + 1)  =   π 
2

  

   Let  α  =   tan−1(x) and  β  =   tan−1 (x + 1).  Note that  x ≠ ± 1.

   Then  2α  +  β   =   π 
2

.     5

   ⇔     2α   =   π 
2

  −   β  

   ⇔     tan 2α   = tan (π 
2

 −  β )    5

   ⇔      2 tan α
1 − tan2 α

   =   cot β     5   +   5   
 

   ⇔  =       2x 
 1 − x2 

    1 
 x + 1 

    5

   ⇔     2x   =   1 − x      ( ∴  x ≠ ± 1) 

   ⇔     x     =    1 
3

.      5
   
   

25
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   Note that 

   2 tan−1 (1 
3

) +  tan−1 (4 
3

)  =   π 
2

. 

   ⇒  π 
4

 −  1 
2

 tan−1 (4 
3

)  =  tan−1 (1 
3

)             √ 10

3

1   

   ⇒  cos ((π 
4

) − 1 
2

 tan−1 (4 
3

)) =  cos (tan−1 (1 
3

))   5

   ∴  cos  (π 
4

 − 1 
2

 tan−1 (4 
3

)) =  
√ 10

3   5

   
10


