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. " )
Using the Principle of Mathemaﬁcal _Inducti_on, prove that E(Z_r— 1) =n’ forall n€Z*.

r=1 :

Forn=1, LHS.= 2x1-1=1land RHS.= 1'=1 @
The result is true forn = 1.

Take any p € 7" and assume that the result is true for n = p.

p
e X @r-1) = p, @
r=1

p+1 P
2 r-D+2p+1)-1) @

Now > (2r-1)

r=1 r=1

pPP+Q2p +1)

(p+1). @

Hence, if the result is true for n = p, then it is true for n = p + 1. We have already proved that the

result is true for n=1.

Hence, by the Principle of Mathematical Induction, the result is true for all n € Z". @

25
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2. Sketch the graphs of y=|4x-3| and y=3-2{x| in the same diagram. _
Hence or otherwise, find all real values of x satisfying the inequality |2x-3|+{x|<3.

y =-4x+3

32 34 1 3/2\
y=3-2x

y=2x+3

At the point of intersections of the graphs

4x -3 =3 -2x = x

®

-4dx +3 =3 +2x = x =0

From the graphs, we have,
[4x-3] < 3-2 |x]| < 0O<x<1
[4x -3+ |2x|< 3 < 0<x<1

Replacing x by %, we get

1253 +1xl <3 = O<x<2 @

Hence, the set of all values of x satisfying

[2x=3| +|x| <3 is {x :0< x <2}. @ ’5
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Aliter

For the graphs @ + @, as before.

Aliter for values of x

[2x-3] +]x][< 3

Case (1) x = O:

Then [2x-3| +|x|< 3 < - 2x+3-x<3
< 3x>0
< x>0

Hence, in this case, no solutions exist.
Case (i) 0 <x = %

Then [2x-3| +|x|<3 < -2x+3+x<3
< x>0
Hence, in this case, the solutions are the values of x satisfying 0 <x = % .

Case (iii) x >

N w

Then 12x-3] +]x|< 3 < 2x-3+x<3

< 3x <6

= x <2

Hence, in this case, the solutions are the values of x satisfying % <x <2

All 3 cases with correct solutions

Any 2 cases with correct solutions @

Hence, over all, the solutions are values of x satisfying 0 < x < 2. @

25
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3. Sketch, in an Argand diagram, the locus of the points that represent complex numbers z satisfying

Arg(z -2 - 2i) =~%""-

Hence or otherwisg, ﬁﬁd the minimum value of [iz_'+ 1| such that Arg(z'—2—2j) :w%.
2+ 20
SN0
4
0]
M
® %
Note that
liz+ 1l =iGz-l =lz —il=lz +i]
=lz+1i|
=1z - (1)l @
Hence, the minimum of |i z + 1| is equal to PM. @
Now, PM =1.sin % = 1
NN O
25
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7
4. Show that the coefficient of x° in the binomial expansion of ( o+ iz} is 35.
: x

Show also that there does not exist a term independent of x in the above binomial expansion.

—_
-
+
o=
~——
1l
M\)
Q\I
~
/QL:J
~
—
o=
~——

r=0
X 5r-14 =6 & =4 @
7
. The coefficient of x° = C; = 35 @

For the above expansion to have a term independent of x, we must have

Sr—14 = 0. @

This is not possible as r € 7. @

25
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5. Show that lim X "<~ vr—2 -1 =_1__
x=3 sin(w(x-3)) 27

lim V-2 -1 _ lim Vis2 -1 | Wx=2+1)
>3 sin (m(x - 3)) *>3 Sin (n(x - 3)) Wrz2+ 1)

_ lim x=3 lim 1 @
0 sin(@e-3) 7Y (rsae 1)

_otm L 11 G
= 7 sin(mx-3) o )
t(x - 3)

25
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6. The region enclosed by the curves y = L% 1 ., x=0,x=1 and y=0 is rotated about the

x-axis through 27 radians. Show that the volume of the solid thus generated is %( w+In4d),

x4l

Y

The volume generated

JAET) = ®

:nfxd“fl ) (3)
ol x*+1 od ¥+ 1

1 1
= Tc(_é In(x*+1) | + tan'x

I EOREO

= n(lmo2+ X
2 4

- %(ln4+n) @

25
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7. Let C be the parabola parametrically given by x = ar?> and y = 2ar for tER, where a = 0.
Show that the equation of the normal line to the parabola C at the point {arz , 2at) is given by
y+x=2ai+af>. o '

The normal line at the point P =(4a,4a) on the parabola C meets this parabola again at a point
Q = (aT’, 2aT). Show that T=-3.

x=at , y=2at

E :2Clt, Q :261
dr

dt
ngd_t :2a.i :i fort¢0.@
dx dr dx 2at t
.. The slope of the normal line = -t

The equation of the normal at (ar’ , 2at) is
y=2at = -t (x -at)
y+tx = 2at + at @ (This is valid for # = 0 also.)
P = (4a,4a) on C = t =2.
The normal lineatP : y + 2x =4a + 8a =12a @
Since it meets C at (aT2 , 2aT), we have

2aT + 2aT’° =12a. @

e T'+T-6=0< (T-2)(T+3) =0

< T =2 o T=-3

T=-3 (:) 25
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8. Let /| and /, be the straight lines given by x + y=4 and 4x + 3y = 10, respectively. Two distinct
points P and @ are on the line /; such that the perpendicular distance from each of these points
to the line /, is 1 unit. Find the coordinates of P and (.

[, :4x+3y=10

Any point on the line /, can be written in the form

(t,4-1), tER. @

Let P=(i,4-1)

_ ‘4t1+3(4—t1) —10‘ .

4 +3°
‘t]+2‘ =5 @
ity = =7 ort =3 @

The coordinates of P and Q are

(=7,11) and (3, 1). @ + @

Perpendicular distance from P to [,

25
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9. Show that the point A = (-7, 9) lies outside the circle S = x?+y*~4x+6y—12=0.

Find the coordinates of the point on the circle S=0 nearest to the point A.

The centre Cof S= 0 is (2, -3). @

= V25 =5 @

The radius Rof S= 0 is V4+9+12 =

Il
©I\)
+
®,
U‘I\J
U
Q)
BN
I
—
|9
\
=
I
hd

CA’

.. Point A lies outside the given circle.

A= (-7,9) The point on the circle S = 0 nearest to point A is

10 the point P at which CA meets S = 0.

Note that CP : PA =

5:10
-3) = 1:2 @

2x2+1(-7) | 2(—3)+1x9)

P
3 3

ie.P= (-1, 1) @

25
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2
19. Let r=tan-g- for 8 # (2n+1), where n € Z. Show that cosf = 1“2_ _
' 1+¢

Deduce that tan % =2- \f’; ;

cos? ﬁ - sin? z @
2 2

o .
cos? — —sin®

cos &

1 - tan? 9

for 8 = 2n+ 1) .

2 2

1tan6
RO

17
2
17

L0
COoS"— + SsIn
2

2
Let & = 7. Then V3 = L=1

6 2 1+7

= 43 1+ = 2(1= 1)

(2+\/3_)t2 = 2_\/3_
2 _(2=V3) @

2+4/3)

= 2-4/3)

_ o _ "+ tan L 0
= tan12 = 2 \/3— @ ( 12>
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)

11. (@) Let pER and O<p<1. Show that 1 is mot a root of the equation p2?+2x +p =0,

Let @ and § be the roots of this equation. Show that a and 8 are both real.

Write down a+ f and aff in terms of p, and show that
2

1 .1 __
(-1 B-1) pyp+2 _
Show also that the quadratic equation whose roots are al and 'ﬁﬁ N -is given by
o — —1

(P*+p+2)x—2(p+)x+p=0 and that both of these roots are positive.

the values of ¢ and d. .
For these values of ¢ and d, find the remainder when f(x) is divided by (x +2)%.

Let ¢ and 4 be two non-zero real numbers and .let fO=x+2C—dx+cd. It is given that
(x—c) is a factor of f(x) and that the remainder when f(x) is divided by (x—d) is ¢d. Find

(@)

Suppose that 1 is a root of p’x* + 2x + p =0.
By substituting x =1, we must have p’+2+p = 0. @

This is impossible, as p > 0 implies that p°+2+p > 0. @

" 1isnotarootofp2x2+2x+p: 0

The discriminant A = 22 —4p° . p

Il
N
~
[
|
AN
~

1 1 _ 1
@1 (-1 (@B —(@p+1) @
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Now

a p__ a-1)+pa-1)
a-1  fp-1 (a=1) (B-1)

_ 2af—-(a+p) @
(a-1) (B-1)

2 2 )&
=(_+_2)- -
p p p+p+2

_2(p+1) P’
2

p ' p2+p+2
e
_p2+p+2

a Y5 _ ap
a-1 "~ pg-1 (a-1) (B-1)

and

_ 1 p2
- P

p p+p+?2
_ p
pH+p+2

Hence, the required quadratic equation is given by

Y23\ HY S
p+p+2 p+p+2

= @P+p+)X-2p+hHx+p= 0 @ 35

Moreover, note that

nd _L
(a-1) B -1

a B _ 2p+1) .
m4>+w—n p+p+2 >0 (- p>0),

a9 @ B _ _P ..
@ g pepr2 0% >0

Hence, both of these roots are possitive. @
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b)) fx) =x +2X —dx+cd

Since (x—¢) is a factor, f(c)= 0. @
= +28—de+ed =0 @

= (c+2) =0

=c=-2 (" c= 0 @

Since, when f{x) is divided by (x — d), the remainder is cd, we have
fd) = cd. @

= d +2d-d+cd =cd @

=d+d =0

= dd+1) =0

= d=-1 (v d= 0 @

c=-2 and d = -1. 30
o= Yeere2
Let Ax+ B be the remainder, when f{x) is divided by (x +2)’.
Then fix) = (x +2)° O(x)+ (4x + B), where O(x) is a polynomial of degree 1.
So, X + 2X + x+2 = (x +2) O(x)+A4x+B. @
Substituting x = —2, we obtain 0= —-24 + B. @
By differentiating, we have
3 + 4x+1 = (x +2)° 0/ () +20(x) (x +2) + 4. @
Again by substituting x = —2, we obtain
12-8 +1 =4 @
~ A=5and B =10
Hence the remainder is 5x + 10. @ 25
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By long division we have,
x =2
2
XAt d O 0P x4 2
X+ 4 + 4x

-2 =3x + 2

—2x" —8x -8
5x +10.

X+ 2+ x+ 2= +4x +4) (x-2)+ (5x+ 10)
Required remainder is 5x + 10. 25
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12. (@) Let P, and P, be the two sets given by {ABCDE1234} and {FGHIJ’SG?S}
respectlvely It is required to form a password consisting of 6 elements taken from P UP, of
which 3 are different letters and 3 are different digits. In each of the following cases, ﬁnd the
number of different such passwords that can be formed:

(i) all 6 elements arc chosen only from P,
(ii) 3 elements are chosen from P, and the other 3 elements from P,

B) Let U = 1 d ve__1 +
) TR+ D +3)0+ 4 and V, r(r+ D(r +2) for rcZ.
Show that V.-V, =6U for reZ".
(2n+5)
Hence, show that EIU, = T A D+ )+ D d) for ncZ".
r
Let W = UH+U forrEZ
Deduce that EWQ = (4n +5) for ne Z+.

144 24(n+ D{n + 2)(2n + D(2n + 3)

r=1

Hence, show that the infinite series EWr is convergent and find its sum.

r=f

(a) Pl = {A)B) C’D’Esla 27 39 4} and P2 ={F; G’H’I;J)57697s8}

(1) The number of different ways of choosing 3 different letters and 3 different

digits from P, = 5c3- 4c3

Hence the number of passwords that can be formed by choosing all 6 elements from P,

(i) Different ways of selecting
from P, from P, Number of Passwords
Letters | Digits | Letters | Digits

5 4

3 - - 3 C - C-6! =28800
5 4 5 4

2 1 1 2 CZ-CI-CI-C2-6!=864OOO
5 4 5 4

1 2 2 1 C-C- C- C-6!=864000
4 5

- 3 3 - C - C 6! =28300
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Hence, the number of different passwords that can be formed by choosing 3 elements

from P, andthe other 3 elements from P, = 28800 + 864000 + 864000 + 28800 = 1785600

50

® U

= and V, =——— ;, r€Z
r(r+1) (r+3) (r+4) r(r+l) (r +2)
Then,

Vr - Vr+2 = | - ! @
r(r+l) (r+2) (r+2) (r+3)(r+4)

(r+3)(r+4) —r(r+l
r(r+l)(r+2) (r+3)(r+4)

_ 6(r+2) @

r(r+l)(r+2) (r+3)(r+4)

r=1; 6U, = V-,

r=2; 6U, = V-V,
r =3 6U, = V-V,

r=4% 66U = K-V,

r=n-3; 66U =V, -V

r=n-2; 6U,., =V,o—-1T;
r=n-1, 6U,., = V’;;-l_ Vi1

.
/

V,’h’ - Vn +2

/

/

r=n; 6 U,
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n
6ZIU, =N+ V=V, = Vi

=

1 | | ®

1
T 6 247 +)(n+2) n+3)  (n+2)(n+3) (n+4)
5 3 2n+5
T 24 n+) (n+2) (n+3) n+4)
< _ 5 2n+5
- ;ZIU’ T 144 6+ (n+2) (n+3) (n+4) @ 40

n n
ZIW' - FZZIWZM +U,)
2n
N0
r=1
5 4n+5

144 62n+1)(2n+2) 2n+3) Qn+4)

% N 4n+5
=R 144 24 (n+1)(n+2) 2n+1) 2n+3)
10
Note that,
lim nz W= lim (i _ 4n+5 )
n>co & e = oo 44 24 (n+1) (n42) 2n+1) 20 +3)
_ 2 lim dn+5
144 n—>90 24 (n+1)(n+2) @n+1) 2n+3)
_ S
T 144
2 W. 1is convergent and the sum is i
“~, 144
15
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13.(a) Let A=

b -2

be matrices such that
-1 b+1 : ' _

a 0 -1 , B = 2 1 3 and C =
0 -1 0 1l —a 4 :
ABT = C, where a, P ER. |
Show that z = 2 and b = 1.

Show also that, C does not exist.

Let P = %(C - 2I). Write down P~ and find the matrix Q such that 2P(Q+3I) = P — I, where
1 is the identity matrix of order 2.

®) Let z,2,, z, €C.

Show that (i) Rez=|z|, and

Z
(i) -zzl _ Al for z,20.
2| |z
z El
Deduce that Re . _'_12 = for z, + z,#0.
ASREYANEREY
i 4 % =11 + z,#0
Verify that Re(z]+ZZJ+Re[zl+zz) 1 for z; + z,#0,

and show that |21+22| = |21|+|Zzl_ forz,, z, EC.

(c) Let- o = %(1_\/5,;)__

Express 1+ in the form r(cos@+isin#); where #(>0)and 6(—52"—'-:8<%) are constants to be

determined,

Using De Moivie's theorem, show that (1+@)'® + (1+®)'" =243,

o fa 0 V(2N (23 a4
AB—O—lo;—Z -1 a

2a-3 a-4 b =2
T: = —
AB = C (-1 a) (_1 b+1)
< 2a-3=b a-4 = -2 and a—b+1.

< a=2 and b =1, (from any two equations above) and these values
satisfy the remaining equation. @
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17

.. C'does not exist. @ 10

Aliter

For the existence of C™! :
there must exist p, ¢, 7, s € R such that
1 -2 p gy _ (1 O
-1 2 ros 0 1 @
=p-2r=1, -p +2r =0, ¢ -2s =0and —¢g +2s =1

This is a contradiction

~. C7' does not exist. @ 10

2P(Q+31)=P-1

e 2(0+31)=1-P"' @
2(Q+3I):(i 02) @

= Q0 =
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b) =z, z,, z, €C.

1 Letz =x+iy, x,yER.

Rez =x<vx2+y2 =z @

(i) Let z, = r(cos & +isin ) andz, = r/(cos & +isin ).

z r(cos @ +isin )X (cos & — isinf) r [cos(ﬂ—@)+isin(ﬁ1—ﬁz)]

1

= — = = __
z, r, (cos @, +isin 8) X (cos &, — isin &) r, 1
i " |Zl| @
% " |Zz| 20
z z z
Re( 1 )g ! = 2] for z + 2, # 0.
Z, + z, Z, + z, |z, + z, |

=
(¢]
—_
N
+ | N
N
9
S~
=
(¢]
—_—
N
+ |
N
9
S~
Il
—_

10 - Combined Mathematics - I (Marking Scheme) New Syllabus | G.C.E.(A/L) Examination - 2019 | Amendments to be included. -24 -



Department of Examinations - Sri Lanka

Confidential
z, ) ( Z, ) | z, | z, . @
- R b
= 1 Re(Zl_FZ2 + ezl‘"Zz 5‘21"’22 +‘Zl Z, y (1)
_ |Zl| + |2| by(ll)
|Zl +ZZ |Zl +Z2
|z | + 2] @
|Zl +ZZ
= |z, +z < |7 +]z] (v ]z +2]>0)
Now if z, + z, =0, then
|Zl+Zz|:OS|ZI|+|Zz|
Hence, the result is true forall z , z, € C. 10
(© w=%(1—\/?i)
3 . (=
1+w_ﬁ[\/z_+’(%)] = r(cos & +isin ), @
where r =4/3 and 6 = - @
6 10

(1+w?°=@3)"° [ cos (104) +isin (10«9)] by De Moivre's theorem @

l+®=1+w =3 (cos & —isin H) =\/?[cos(—9)+isin(—6)]

= (1+w)?° = (\/T)m [(cos (-106) +isin (—103)] @

L+ o)+ (1+®)°

(\/T)w x 2cos (108) @
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2 .
14.(2) Tet f(x)= M"E);—D for x#3.
x—

Show that f'(x), the derivative of f(x), is given by f"(x)= _9x+3)(x-3) for x=3.

(x-3)*
Sketch the graph of y=f(x) indicating the asymptotes, y-intercept and the turning points.
' 2
It is given that f''(x)= M for x#3.
C(x-3)

Find the x-coordinates of the points of inflection of the graph of y=f(x).

(b) The adjoining figure shows a basin in the form of a
frustum of a right circular cone with a bottom. The §
‘slant length of the basin is 30cm and the radius of the
" upper circular edge is twice the radius of the bottom.
Let the radius of the bottom be rem. '

Show that the volume V cm® of the basin is given by

V= Zar900 -7 for 0<r<30.

Find the value of r such that volume of the basin is
maximum.

e S N R e,

@  Forx# 3 fo - 2D
(x - 3)°
Then
_ 1 (2x - 4) 3 (2 - 4x _1)
fx) =9 , 30 -4x - ) ]
(x-3) 3

_o[2¢-10x +12—3(x2—4x—1)]
(x -3)*
) 629 g 43 (5)
(x -3)* 25

. . lim N . _
Horizontal asymptotes : ot o fx)=0 ..y =0. @

Jm fx) = o and Mo f(0) = - oo

Vertical asymptote : x = 3. @

At the turning points f'(x) = 0. <& x =-3or x =5. @
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—0<x<-=-3 -3<x<3 3<x<5 5<x<w

sign of
oo *) *) )
feis @\ @/) @/ ® N\

There are two turning points: (—3, - is a local minimum and (5 )

O

B
6

2
a local maximum. @ @

is

©
®

\

x=3
60
For x + 3;
g _ 18(x=+33) (x + V33)
/) = 3
(x-3)
%) =0 & x == 33. @
—0<x<-433 | -v33<x<3| 3<x< 33 | V33 <x<ow
n of ) ) ) )
)
concavity |concave down |concave up | concave down | concave up
*. There are two inflection points:
x = -v33 and x = +33 are the x- coordinates of the points of inflection. @ 20
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(b) For 0 <r<30;
h =~900- 7 @
h Q The volume V is given by
A
V—i (2r)?* x 2h 1 > h
=37 r) -3 @
7
—?ﬂ?l’zh
e @
=3 T Voo - 12 . 15
For 0 <r<30,
dav _ 7 (—21’)
— = —n|2r vooo - > + rz—] @
dr 3 2900 - 12
_ %n [27 (900~ ) - 7]
Vo900 - 7
_ T (600 — %) ‘ @
Vo900 - 7
4
&= 0 e r=10V6 (" 7r>0) @
For0<r< 10v6 , ¥ >0 andfor »> 10v/6 , 4 <0
dr dr
. V is maximum when = 10v6 @
30
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4
15. (@) Using the substitution x=2sin*6+3 for 0= 6 =< %, evaluate J ;_ :’; dx.
. . . 1
(b) Using partial fractions, find fmdx
f
1
= | —— _dx for t>2.
Let f() _[(x—l)(x—Z)dx or 1>
3
Deduce that f(O)=In(r—2)-In(r—1)+In2 for ¢>2.
Using integration by parts, find J-ln (x—k)dx, where & is a real constant.
Hence, find J‘f(t) dr.
(c) Using the formula J Ffx)dx = j fla+b-x)dx, where a and b are constants,
J
x 2
show that ICOS Xdx= J.wdx.
1+¢" » 1+¢f
. i 2
Hence, find the value of JEQS—'I dx.
1+¢€*
-
(a) For 0<60< &
x=2sin> @ +43= dx = 45sin@ cosd do @
x=3< 286in @ =0<= 6 =0 @
x=4 < 28in’ 8 =1 < sinf = 1—_ < == @
V2 4
ELa
4 4 .
Then f x=3 4 _ f _ 25’0 . 4ingeosd dO @
3 5-x 2 - 251n2 0
T
4
= 4 sin’0 do @
ks
4
= 2 f(l—cosZﬁ) do @
0
LS
= 2 (5- Lsing) |4 @
0
1 @
2 40
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(b) . _ A 4+ B
(x-Dx-2) (x-1) (x-2)
< 1 = Ax-2)+B(x-1) for x= 1,2.
Comparing coefficients of powers of x :
x! . A+ B =0 @
X: -2A-B =1 @
A =-1 and B = 1 @
e [ L [ g [
(x-1)x=-2) x-1) (x-2)
= In|x-2| - In|x-1]| + C,where C is an arbitrary constant.
® 6 6 "
[ 1
H = |[—
/0 3f(x—l)(x—2)
= (Inx=2[-In [x=1]], @
= In(t-2) -In(¢t-1)+In2 for t>2.@
10
fln(x—k)dx =xln(x—k)—f Y dx@
(x - k)
Jo- [+ ®
= xIn(x-k —-[1dx -
(x - k)
= xIn(x-k) -x —kln(x-k) +C @
= (x—k)In(x-k)—x+ C, where C is an arbitrary constant. 15
ff(t)dt: fln(t—Z)dt—fln(t—l)dt+fln2dt @

t -2)In(t —2)—t -[(; DI —1)—t] +tIn2 + D

(t -2)In(t =2)-( —-1)In(t — 1)+ tIn2 + D, where D is an arbitrary constant.

10
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b

(¢) Using the formula ff(x) dx = f(a +b-x) dx,

2 T —
cosx Fcos(x)dx @

. 1+e _EJ 1+e™
_ " ¢ cosix dx @

. l+e 10

_ | (1+e)cosxdx
(1+e¢9

= ;—[x + 1?sin2x ]_n @
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16. Write down the coordinates of the point of intersection A of the straight lines 12x—-5y-7=0
and y=1.

Let [ be the bisector of the acute angle formed by these lines. Find the equation of the straight
line 1 '

Let P be a point on I, Show that the coordinates of P can be written as (3A+1, 24+1), where
A=ER.

Let B=(6,0). Show that the equation of the circle with the points B and P as ends of a diameter
can be written as S+AU=0, where S=a°+y*~Tx~y+6 and U=-3x-2y+18.

Deduce that S=0 is the equation of the circle with AB as a diameter.
Show that U=0 is the eguation of the straight line through B, perpendicular to [.

Find the coordinates of the fixed point which is distinct from B, and lying on the circles with
the equation S+AU=0 for all AER.

Find the value of A such that the circle given by S=0 is orthogonal to the circle given by
S+AU=0.

12x-5y-7=0and y =1=x =1, y =

Equations of the bisectors are given by

12x-5y-7 __ (-1
13 1

= 12x-5y-7 =13(y-1) or 12x-5y-7 = -13(y-1)

= 2x-3y+1 =0 or 3x+2y-5 =0 @ + @

The angle & betweeny =1and 2x-3y+1 = 0,is given by

2_0
tangz 37 :%<1 @

2
1+ <
+3(0)
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Note that for a point (x, y)on [ ;

(x-1) _ O-D = A\ (say)
3 2

= x=3A+1, y=2A+1. @

S P=(Gh+1,20+1), MER.

Note that B = (6,0)and P = BA+1, 2A+1)

.. Equation of the circle with BP as a diameter is given by
x-6) x = Gr+1)+ (v-0) y-2A+1))=0
ie. (P+y’=Tx-y+6)+A(-3x-2y+18) =0 @

This is of the form S+ AU =0, where S=x*+y*-7x-y+6and U=-3x-2y+18.

(s) G) |

S=0correspondsto A =0. = P=(1,1) = A.@

. §=0is the equation of the circle with AB as a diameter. @ 10

Since the slope of / is % , the equation of the line perpendicular to / passing through
Bis 3x+2y+ u =0, u to be determined.
Since Blieson 3x+2y+u =0,wehave 18 + u =0= u =-18. @

.. Required equation is 3x + 2y - 18 =0 @

ie. U = -3x-2y+18 =0. 20

LMER, S+ AU = 0 passes through the intersection point of S = 0 and U =0

One of these points is B and the other point C is the intersection point of / and U = 0.
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.. The coordinates of C is given by

u = -3x-2y+18 = 0

and [ 2x-3y+1 =0

= x=4and y=3

C= (4,3).@ 25

The circles ;

S =0 and S+ AU =0 are orthogonal

- ( E(3x+7))( %)+2( —(2}»+1))(‘%) - 6+ 18h+6

® © ®
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17. (@) Write down sin(A+ B) in terms of sin A, cos A, sinB and cos B, and obtain a similar expression
for sin(A—B).

Deduce that _
2sinA cosB= sin{A+B)+sin{A—-B) and
2cos A sinB= sin{A+B)—sin{A-B).

Hence, solve 2sin38cos28=sin78 for 0 <8 < %

() Ina tnangle ABC, the point D lies on AC such that BD = DC and AD = BC. Let BAC = a
and ACB ﬁ Using the Sine Rule for suitable tnangles show that 2sinacos 8 = sin(a + Zﬁ)

If a:pB=3:2, using the last result in (a) above, show that a = %.
-1 -1, _x ' | 1. {4}y _ 3
(c) Solve 2tan " x +tan” (x+ 1) = > - Hence, show that COS(Z 2tan (3)) = Nk
(@) sin(A+B) = sinAcosB+ cosAsinB @

Now sin(A-B) = sin (A+(-B)) @

= sin A cos (-B) + cos A sin (-B)

sin(A-B) = sin AcosB—cosAsinB—@ @ 15

@+ @ = sin(A+B) + sin(A-B) = 2sinAcos B, @
(1) - (@) = sin(A+B) - sin(A-B) = 2cos Asin B, @ 10

0<0 <X,
2

2sin36fcos26 = sin746,

< sin 56 + sind = sin76 @

< sin76 -sin50 -sind = 0

< sin (60 +0)-sin (60 - 0) —sind = 0

< 2cos6fsinf —-sinfd = 0 @

< sinf 2cos68 -1) = 0

< cos 60 = lsince0<6?<£,sin0>0

®
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= 660 :ZnR:%;nEZ. @+@
T

= § = . s nEZ
3 18
:Hz“,ﬂ,%t,( 0<6<£)@
18 18 18 2 30
(b) A
Note that
A A
CBD = 5, ADB =2p,
A
D and ABD =n - (a +2p)
B

N I ( C
Using the sine Rule :
for the triangle ABD, we have

BD _ AD

A A
sin BAD sin ABD

- _BD _ AD

sin & sin (k- (a +20))
- _BD _ AD @

sin @ sin (a +28) — ()

for the triangle BDC, we have

CD=BC

A A
sin DBC sin BDC

SR ®

sinffg sin2f T 2)

*© BD = DCand AD = BC,from (1) and (2), we get

sina _ sin(a +28) @
sin /8 sin 28
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= 2sinacos f = sin(a +2f). @
40
If o : f = 3:2,then we have
2 sin a cos 2a _ sinE{ @
3 3
= 2sin3(%)cos2 (&) =sin7 (& @
(5)cos2(F) (5)
3 18 18 18
~ q= & 151 2lx @
6 18 18
* BC = AD < AC, o must be an acute angle.
a= X, @
6 20
(¢) 2tan"x + tan'(x+1) = %
Let @ = tan!(x)and £ = tan!(x+ 1). Note that x = = 1.
Then 2a + B = L. @
2
s 2a=2 - §
2
< tan2a =tan (& - B @
5 -#)
2 tan @
. e © O
- 2x _ 1
1-x° x+1
< 2x = 1-x ( x==x1)
0
S x o= =,
3 25
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Note that
2 (L) (3) = 2
- Lt (4) = an (%) V10 1
= cos(@)- Lt )= eosfami L) (8) ;
o (5 L) 2 m
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